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Abstract
We present how the thermal geometry emerges from CFT at finite temperature by using the
truncated entanglement renormalization network, the cMERA. For the case of 2d CFT, the reduced
geometry is the BTZ black hole or the thermal AdS as expectation. In order to determine which
spacetimes prefer to form, we propose a cMERA description of the Hawking-Page phase transition.
Our proposal is in agreement with the picture of the recent proposed surface/state correspondence.
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I. INTRODUCTION
Ever since AdS/CFT correspondence was proposed [1][2][3], a great deal of attention
has been paid to understand its basic mechanism. A recent progress was made through
tensor network, which is a powerful tool to deal with system of multi-degree freedom, such
as critical Ising model, whose continuum is a CFT. A particular significant tensor network
is multi-scale entanglement renormalization ansatz (MERA)[4, 5], containing disentanglers,
which can remove short-range entanglement and thus produce an efficient description of
critical system. Inspired by the Ryu-Takayanagi formula of the holographic entropy[6], The
relationship between MERA and AdS/CFT was first noticed by Swingle[7]. He pointed out
that the MERA that emerges from critical system (which can be viewed as discrete CFT)
can be viewed as discrete time slice of AdS space, where the renormalization direction of
MERA corresponds to the discrete radial direction of the AdS space. To apply MERA to
field theory, we need to generalize MERA to continuous version. The generalization was
made by Haegeman et al. in [8] where they proposed the continuous MERA (cMERA)
which can make entanglement renormalization for quantum fields in real space. Nozaki et
al. applied it, for the first time, to the context of AdS/MERA, and the emergent holographic
(smooth) geometry was obtained [9].
To discuss the correspondence between CFT and the spacetime containing black holes,
it is necessary to consider CFT at finite temperature. In terms of the AdS/MERA, there
are two different descriptions. One is based on the initial MERA and argues that after
finite steps of entanglement renormalization, the MERA truncates at a level of multiple
sites where the state at the top level (i.e. the truncated MERA state) becomes maximally
mixed state and thus corresponds to the horizon of a black hole [7][10]. We often call it the
truncated MERA. The alternative way is based on the thermofield double formalism[11] and
the emergent tensor network is often called double MERA. The double MERA composes
of two copies of the MERA that connected by MPS state (Fig.1)[12][13][14]. A continuous
extension of the double MERA has been achieved in [15], where the authors pointed out
that it quantitatively agrees with a half of the AdS black hole spacetime. Even though
the double MERA leads to some progress in discussing AdS/MERA at finite temperature,
the truncated MERA still deserves more attention. This is based on the following two
considerations: firstly, the continuous version of the truncated MERA, as a conjectured
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FIG. 1: The MERA applied to a thermal state truncates when it reaches maximally mixed state.
(left) Double MERA network (right). At the center there is a bridge state which glues two copies
of the standard MERA. This state is usually viewed as a black hole horizon.
tensor network, whose validity to generate (smooth) black hole geometry has not yet been
proved; secondly, the truncated MERA provides a possibility to give a cMERA description
of the Hawking-Page phase transition[16], which is lack of careful investigation in the past
literatures.
In this letter, we would like to apply the truncated MERA to construct the holographic
geometry of cMERA at finite temperature explicitly by studying the two dimensional CFT.
Our results confirm that the thermal emergent geometry can be obtained in this way, and
point out that the emergent spacetime is BTZ black hole for sufficiently large temperature.
On the other hand, we also try to give a cMERA description of the Hawking-Page phase
transition. Our results show that depending on the cutoff parameters, it is possible to figure
out the phase of the emergent spacetimes. The main result is consistent with the picture of
the surface/state correspondence proposed recently in [17, 18].
II. THERMAL SPACETIMES EMERGE FROM TRUNCATED CMERA
Let us start with basic concepts of cMERA. The UV state in cMERA is defined as
|Ψ(uUV )〉 ≡ |Ψ〉 and the IR state is defined as the state with no real space entanglement
obtained by entanglement renormalization |Ψ(uIR)〉 ≡ |Ω〉, where uUV = 0 and uIR = −∞.
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The states correspond to different u are connected by unitary transformation:
|Ψ(u)〉 = U(u, uIR)|Ω〉, |Ψ(u)〉 = U(0, u)|Ψ(uUV )〉, (1)
and
U(u1, u2) = P exp{−i
∫ u1
u2
(K(s) + L) ds}, (2)
where K(u) and L are the continuous version of disentanglers and isometry, respectively.
The isometry L does not rely on u because of the same course-graining procedures in every
step of entanglement renormalization. The symbol P in (2) is path-ordering symbol.
Now we would like to show that the thermal spacetimes, such as the BTZ black hole
[19, 20] geometry can be emergent from a thermal CFT, with the help of the cMERA. As
an example, let us consider a free scalar field in finite temperature. The thermal state in
this system can be described by density matrix ρ0 ≡ ρ(u = 0) = e
−βH , where
H =
∫
ddk
1
2
[π(~k)π(−~k) + (|~k|2 +m2)φ(~k)φ(−~k)]. (3)
The disentanglers and the isometry of this system is given by[8]
K(s) =
1
2
∫
ddk g(k/Λ, s)[φ(~k)π(−~k) + π(−~k)φ(~k)], (4)
L = −
1
2
∫
ddx[π(x)~x · ~∇xφ(x) + ~x · ~∇xφ(x)π(x)
+
d
2
φ(x)π(x) +
d
2
π(x)φ(x)], (5)
where
g(k/Λ, s) = χ(s)Γ(|~k|/Λ), (6)
Γ(x) = Θ(1− |x|), (7)
χ(s) =
1
2
e2s
e2s + (m
Λ
)2
, (8)
and Θ is the step function, and Λ is a cutoff[9].
In the context of the cMERA, ρ0 is defined as the UV state of the network. Two nearby
thermal states ρ(u) and ρ(u + du) which are connected by entanglement renormalization,
are then related by
ρ0 = U(0, u)ρ(u)U
−1(0, u) (9)
ρ0 = U(0, u+ du)ρ(u+ du)U
−1(0, u+ du) (10)
ρ(u) = U(u, u+ du)ρ(u+ du)U−1(u, u+ du). (11)
4
As suggested by Swingle[7], the depth of the entanglement renormalization u is associated
with the extra dimension z in bulk AdS spacetime.
For d+ 1 dimensional CFT, its gravity dual is d+ 2 dimensional AdS
ds2AdS = du
2 +
e2u
ǫ2
(d~x2 − dt2) =
dz2 − dt2 + d~x2
z2
where ǫ is the UV cutoff, z = ǫ·eu, z is radial coordinate in Poincare patch and u is identified
with the renormalization direction of cMERA.
The MERAs for general QFT are expected to correspond to gravity dual with the metric
ds2 = guudu
2 +
e2u
ǫ2
d~x2 + gttdt
2 (12)
The metric component for ~x is fixed because the coarse-graining procedure is the same. It
was noticed in [9] that guu is independent of u if the QFT in question is CFT, otherwise,
it should be a function of u. To get the corresponding spacetime metric from the state of
cMERA, it is helpful to introduce the quantum distance between states[9]
DHS(ρ1, ρ2) =
1
2
Tr(ρ1 − ρ2)
2,
where ρ1, ρ2 are the density matrices of two states. This is called Hilbert-Schmidt distance.
In particular, when the state is pure state, we have
DHS(ψ1, ψ2) = 1− |〈ψ1|ψ2〉|
2.
For a set of quantum states parameterized by ξ = (ξ1, ξ2 · · · ), the quantum distance
between two nearby states ψ(ξ) and ψ(ξ + dξ) can be expressed as follows
DHS[ψ(ξ), ψ(ξ + dξ)] = gij(ξ)dξidξj,
where gij is usually called the quantum metric (or the Fisher information metric).
In general, it is very difficult to produce the information metric from a QFT given, for
instance, by (3), due to the very complicated commutation relations of the operators. How-
ever, as far as a CFT (a massless free scalar field) is concerned, the situation is considerably
simplified. From Eq. (8) we have χ(s) = 1
2
, which implies that both g andK are independent
of u according to Eqs. (4) and (6). From the definition of U we see that U is also independent
of u. Combining Eqs. (9)-(11), this further indicates that ρ0, ρ(u) and ρ(u+ du) do not de-
pend on u. The information metric guudu
2 = DHS(ρ(u), ρ(u+du)) =
1
2
Tr(ρ(u)−ρ(u+du))2
is therefore not a function of u as well.
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On the other hand, although it is quite complicated1, we can expect that guu should be
a function of β, due to the fact that ρ0 = e
−βH . Without loss of generality, let us denote it
by f(β), i.e., guu = f(β). After plugging it into (12), we get the spacetime geometry dual
to a massless free scalar field at finite temperature
ds2 = f(β)du2 +
e2u
ǫ2
d~x2 + gttdt
2 (13)
Introducing a coordinate transformation, z = 1
Λ
e−
√
fu, we get
ds2 =
dz2
z2
+
1
(Λz)2/
√
f
d~x2 + gttdt
2, (14)
which coincides the metric of pure AdS, except that it involves an extra parameter β. After
making the following transformation[21]
t− x = −eθ−u
√
1−
r2+
r2
,
t + x = eθ+u
√
1−
r2+
r2
,
z =
r+e
θ
r
, (15)
one can map it to the well-known BTZ black hole metric explicitely
ds2 = R2
[
−
(
r2+
r2
− 1
)
du2 +
dr2
r2 − r2+
+
r2+
r2
dθ2
]
, (16)
where r+ denotes the horizon radius of the black hole.
To be honest, there is a subtlety in derivation of (16). Actually, the derived geometry
could be a BTZ black hole as given by (16) or a thermal AdS as given by (14). We will fix
this subtlety in the next section.
III. CMERA DESCRIPTION OF THE HAWKING-PAGE TRANSITION
Even though the Hawking-Page phase transition has been intensively studied from the
gravity side, it is still lack of full investigations from the point of view of MERA network and
its continuous generalization. It was first pointed out in [7] that the Hawking-Page phase
transition could possibly be produced by MERA at finite temperature. The main idea is that
1 The explicit expression is not necessary for our following discussions.
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FIG. 2: Under the entanglement renormalization, if the system shrinks to a point (which corre-
sponds to the boundary state |B〉) first, the emergent spacetime tends to be thermal AdS (left) or
if the system reaches infinite temperature (maximally mixed state) first, and then it truncates at
some level (the yellow circle in the picture), and the emergent spacetime tends to be AdS black
hole (right).
depending on whether the system shrinks to a point or reaches infinite temperature (max-
imally mixed state) first under the entanglement renormalization, the emergent spacetime
tends to be thermal AdS or AdS black hole respectively. One evidence of this argument was
mentioned in [10] where the author considered a thermal state ρ = e−βH renormalized to a
maximally mixed state ρ′ = e−β0H(β0 ≈ 0) under continuous entanglement renormalization,
calculated the total RG flow time from the UV state to the IR state, finding it in agreement
with the distance from a UV cutoff r = δ to the horizon in the AdS black hole background.
We generalize the above statement to cMERA description and improve the proposal by
using a boundary state |B〉 which corresponds to a point in the bulk[22] and calculate the
RG flow time from a thermal state ρ = e−βH in the UV to the boundary state in the IR.
This generalization is consistent with the picture of the SS-duality, which states that the zero
size closed surface (i.e. a point) is dual to a boundary state |B〉 while a closed topological
non-trivial convex surface Σ corresponds to a mixed quantum state ρ(Σ). The picture of
our proposal is sketched in Fig. 2.
For the free scalar field theory at finite temperature T = β−1, it is described by
ρ0 = e
−βH =
1
Z
∑
k
e−βEk |k〉〈k|, (17)
where Z is the partition function and |k〉 = a†k|0〉.
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On the other hand, as is pointed in [22], the IR state has no real space entanglement,
and can be represented by the boundary state |B〉 with a regularization, i.e. |Ω〉 = e−ǫH |B〉,
where ǫ is the UV cutoff (or lattice spacing). After tracing out the right-moving part, the
reduced density matrix is
ρ(uIR) =
1
Z
∑
k
e−2ǫEk |k〉〈k|. (18)
For CFT, K(u) is independent of u, implying U(0, uIR) = e
i(K+L)uIR defined in (2).
Substituting this result into (9), and adopting an assumption[10] that the entanglement
renormalization procedure only changes the temperature parameter by euIR , we obtain
ρ0 = U(0, uIR)ρ(uIR)U
†(0, uIR) =
1
Z
∑
k
e−2ǫEke
uIR |k〉〈k|. (19)
It is straightforward to show from (17) and (19) that
e−βEk ∼ e−2ǫEke
uIR , (20)
which implies uIR = ln(β/2ǫ).
Now we can discuss the possible phases of the emergent spacetimes by adopting the
argument made by Swingle in [10]. For a CFT with given temperature T = β−1 at UV,
after the entanglement renormalization and finally stops in the IR with a maximally mixed
state (black hole horizon), the renormalization parameter u is given by [10]
u = ln(β/β0), β0 ≈ 0.
If uIR < u, i.e. 2ǫ > β0, then under the entanglement renormalization, the system reaches
boundary state (which correspond to a point in the bulk) first, and the emergent spacetime of
the dual theory is thermal AdS. Otherwise, if uIR > u, i.e. 2ǫ < β0, then the system reaches
maximally mixed state (which corresponds to black hole horizon) first, and the emergent
spacetime is AdS black hole (BTZ in 2 + 1 dimensions).
IV. CONCLUSIONS AND DISCUSSIONS
In this paper, we have obtained the thermal emergent geometry by applying the truncated
cMERA to 2d CFT at finite temperature. As expected, the reduced geometry is either the
BTZ black hole or the thermal AdS, depending on the initial temperature of the CFT. In
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addition, inspired by the Swingle’s argument on the dual Hawking-Page phase transition, we
have proposed a cMERA description of the transition. In particular, our results show that
according to the cutoff parameters ǫ and β0, it is possible to distinguish the phases of the
emergent spacetimes. The proposal is in agreement with the picture of the recent proposed
surface/state correspondence[18].
Although we are focusing on the (2 + 1)d emergent spacetimes, our formulation based
on the cMERA can be applied to holographic construction of higher dimensional geometry,
even for wide class of spacetimes which are not locally AdS. The formulation of the cMERA
description of the Hawking-Page transition can be also generalized to more general case. As
one interesting point, it is of particular interest to figure out the connections between cMERA
and quark-gluon confinement-deconfinement phase transition as its close relationship with
Hawking-Page phase transition[3].
In order to offer more evidence for the mysterious connection between cMERA and
AdS/CFT, there are a lot of work deserves deep investigation. For example, the explicit
form of the metric component gtt is still missing in our proposal. It is instructive in [9]
that if we employ cMERA on a Lorentz boosted time slice, then we can read off gtt in
principle. Besides, how to naturally get metric component gxx is also of great importance.
It was shown in [18] that this is possible to emerge the full metric on a time slice of AdS
by employing the so-called surface/state correspondence [17][18]. The generalization to the
case with finite temperature is made in[23]. However, how to generalize it to more general
spacetimes is still unknown, especially when it is in the framework of modified gravity, such
as the Horˇava-Lifshitz (HL) gravity [24]. Actually, it was found that HL gravity is a minimal
holographic dual for the field with Lifshitz scaling [25]. Our recent works [26, 27] found that
various Lifshitz spacetimes are possible even without matter fields. Therefore, in principle,
extension of the cMERA to modified gravity is possible.
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